In this paper, we introduce the concept of completely linear degeneracy for quasilinear hyperbolic systems in several space variables, and then get an interesting property for multidimensional hyperbolic conservation laws. Some examples and applications are given at last.
Introduction
where u = (u 1 , · · · , u n ) T is the unknown vector function of (t, x 1 , · · · , x m ) and A j (u) (j = 1, · · · , m) ia an n × n matrix with smooth elements a jkl (u) (k, l = 1, · · · , n). The concepts of linear degeneracy and genuine nonlinearity have been made in the following way (see [16] ). This is a straightforward generalization of the case of one space dimension (see [13] ). The i-th characteristic field of system (1.1) is linearly degenerate, if
while, it is genuinely nonlinear, if
where ξ = (ξ 1 , · · · , ξ m ) T ∈ S m−1 , S m−1 is the unit ball centered at the origin in R m , λ 1 (u, ξ) , · · · , λ n (u, ξ) are n real eigenvalues of A(u, ξ) and {r i (u, ξ)} n i=1 is a complete set of right eigenvectors of A(u, ξ), in which A(u, ξ) = m j=1 A j (u)ξ j . Here we assume that A(u, ξ) has n real eigenvalues. However, as pointed out in [14] , this generalization would for instance exclude a single equation and a system of two equations being genuinely nonlinear (see [14] ) and thus is unsuitable.
In this paper, we investigate some basic properties enjoyed by quasilinear hyperbolic systems in several space dimensions. We firstly introduce a concept of "completely linear degeneracy" for quasilinear hyperbolic system in several space dimensions and then study some interesting properties enjoyed by multi-dimensional hyperbolic conservation laws. In particular, we prove that the system of hyperbolic conservation laws with two unknowns in several space dimensions must be linear if the system is completely linearly degenerate. This gives a criterion on the linearity of this kind of system. Some examples and applications are also given.
Completely linear degeneracy
We introduce Definition 2.1 The i-th characteristic field of (1.1) is said to be completely linearly degenerate, if it holds that
where r ik (u, ξ) stands for the k-th component of the vector r i (u, ξ).
We call system (1.1) completely linearly degenerate, if all characteristic fields are completely linearly degenerate.
are invariant under any invertible smooth transformation of unknowns.
An interesting property
In this section, we consider the following hyperbolic conservation laws with two unknows:
where
n is a nonlinear smooth mapping with f i :
Consider plane wave solutions
Then w(t, s) satisfies
Assume that system (3.1) is hyperbolic in a state domain Ω, that is to say, for every state u ∈ Ω, (∇f (w) · ξ) has two real eigenvalues
is included) and a complete set of right eigenvectors r 1 (u, ξ), r 2 (u, ξ). For i = 1, 2 let
and
With the above preparations, we have Proof. The necessity is obvious, so we prove the sufficiency only. Assume that system (3.1) is completely linearly degenerate, i.e., for any state u ∈ Ω and ξ = (ξ 1 , · · · , ξ n ) ∈ S n−1 , ∇f (u, ξ) · ξ has two real eigenvalues λ 1 (u, ξ), λ 2 (u, ξ) and two corresponding right eigenvectors r 1 (u, ξ), r 2 (u, ξ), which satisfy
Specially, if we choose ξ = (0, · · · , 0,
, then it must hold that ∇f i (u) has two completely linearly degenerate characteristic fields. Since
For convenience, denote
then it holds that
By a direct calculation, we have
Next, we prove the theorem by dividing the following four cases, suppose that in a
Choose the corresponding right eigenvectors as
Then, by Definition 2.1, it holds that
By (3.9) and (3.10), we have
by (3.11) and (3.12), it holds that
i.e., a = const. and b = const..
On the other hand, if we choose
by Definition 2.1, it must hold that
i.e., c = const. and d = const..
By a direct calculation, the eigenvalues are
and the corresponding right eigenvectors can be chosen as
Then by Definition 2.1, it holds that
By (3.17) and (3.18), we have By a direct calculation, the eigenvalues are
By the hyperbolicity of system (3. to the whole state space Ω. Thus, the theorem is proved. 
Examples and applications

System of gas dynamics
Now let us consider the system of gas dynamics in two space dimensions: We can easily calculate
Thus, λ 1 and λ 4 are genuinely nonlinear. For classical solutions, the system is also equivalent to 
Relativistic torus in the Minkowski space R 1+n
The motion of relativistic torus in R 1+n corresponds to the three-dimensional time-like extremal submanifolds in R 1+n and plays an important role in both mathematics and physics, which is studied by Huang and Kong [9] . The equations governing the motion of relativistic torus in the Minkowski space R 1+n are
where t, α, β are parameter coordinates and x = x(t, α, β) = (x 1 (t, α, β), · · · , x n (t, α, β)).
<, > denotes the inner product in Euclidean space.
can be equivalently rewritten as
for classical solutions, where
and I represents an n × n unit matrix. Since the submanifold is timelike, we have a < 0 and A 0 (U) is nonsingular, then we can rewrite equation (4.7) as
where ξ := (ξ 1 , ξ 2 ) T is a unit vector. By calculations, the eigenvalues of M(U) read
where 14) in which
By a direct calculation, the right eigenvector corresponding to λ i (i = 1, · · · , 3n) can be chosen as
16)
where, e k = (0, · · · , 0, 
Lax system
In this section, we give an example (see [5] ) which satisfies Definition 2.1.
Let f (u) be an analytic function of a single complex variable U = u + iv. We impose on the complex-valued function U = U(t, z), z = x + yi and the real variable t of the following nonlinear PDE:
where the bar denotes the complex conjugate and ∂ z = 1 2
(∂ x − i∂ y ). We may express this equation in terms of the real and imaginary parts of U and 
Quasilinear hyperbolic system of conservation laws with rotational invariance
Consider the following quasilinear hyperbolic system
with initial data
and m is an integer ≥ 1.
System (4.21) can be used to describe the propagation of waves in various situations in mechanics (such as the reactive flows, magneto-hydrodynamics and elasticity theory, etc.)
at least for the case that m = 1 ([1], [7] , [12] , [15] ). It is no longer strictly hyperbolic, and possesses the eigenvalues with constant multiplicity even for the case that m = 1. When m = 1 and n = 2, system (4.21) was first studied by [12] and [15] . Freistühler [7] - [8] considered the Riemann problem and the Cauchy problem for system (4.21) with m = 1 and n ≥ 1. When m > 1 and n > 1, system (4.21) was studied by Bressan [3] Rewrite (4.21) as
where 
